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The Kohn–Luttinger conundrum redux: Failure of finite-temperature many-body perturbation
theory at low temperatures
So Hirata∗
Department of Chemistry, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801, USA
(Dated: June 2, 2020)
It is shown analytically and numerically that the finite-temperature many-body perturbation theory in the
grand canonical ensemble has zero radius of convergence at zero temperature when the energy of the ground
state as a function of the perturbation strength either touches or crosses the energy function of an excited state.
Contrary to earlier assertions concerning the role played by the chemical potential, this nonconvergence, first
suspected by W. Kohn and J. M. Luttinger, is caused by the nonanalytic nature of the Boltzmann factor e−E/kBT
at T = 0, plaguing the canonical ensemble also. These findings reveal serious flaws in quantum field theory
for thermodynamics, which are deeply rooted in the fundamental limitation of the power series expansion of
pathological functions and are hard to resolve.
I. INTRODUCTION
In 1960, Kohn and Luttinger1 discovered a mathemat-
ical inconsistency between the finite-temperature perturba-
tion theory2–9 and its zero-temperature counterpart:10–13 They
found that the second-order grand potential Ω(2) at T = 0
and second-order energy E(2) of many-body perturbation the-
ory (MBPT)10,12,13 can differ from each other by divergent
“anomalous” contributions for a degenerate, nonisotropic ref-
erence wave function. On this basis, they concluded that
“the BG [Brueckner–Goldstone perturbation] series is there-
fore in general not correct.”1 For isotropic systems (i.e., sys-
tems with spherical symmetry) such as a homogeneous elec-
tron gas (HEG), they showed that the difference is exactly
compensated for by the terms containing the chemical poten-
tial µ. This partial solution was generalized by Luttinger and
Ward14 and by Balian, Bloch, and De Dominicis.3
The question posed by Kohn and Luttinger1 and the partial
solution for isotropic systems are, however, not entirely satis-
factory for the following three reasons: First,Ω and E are sep-
arate thermodynamic functions and are not expected to agree
with each other at T = 0; instead, the internal energyU at T =
0 is more rigorously compared with E. Second, perturbation
correction formulas for U were unknown until recently15,16 as
the perturbation theory for Ω of Bloch and coworkers2–4 de-
scribed in many contemporary textbooks5–7 and an excellent
review9 was plagued by an unequal treatment17 of Ω, U, and
µ. Third, E(2) of MBPT may be already divergent in a degen-
erate, extended system such as a HEG, obscuring the compar-
ison with the finite-temperature perturbation theory; E(2) for
a degenerate molecule evaluated by the Hirschfelder–Certain
degenerate perturbation theory (HCPT)11 should be used as
the correct zero-temperature limit, which is always finite.
In short, the inconsistency may persist for nonisotropic de-
generate systems, implying that the finite-temperature pertur-
bation theory is possibly still incorrect in a general sense.
Recently, we introduced15,16 a finite-temperature perturba-
tion theory for electrons in the grand canonical ensemble,
in which Ω, U, and µ are expanded in power series on an
equal footing. Two types of analytical formulas were obtained
for up to the second-order corrections to these quantities in
a time-independent, algebraic (nondiagrammatic) derivation:
sum-over-states (“SoS”) and sum-over-orbitals (“reduced”)
formulas. They reproduce numerically exactly the correct
benchmark data17 obtained as the λ-derivatives of the cor-
responding thermodynamic functions evaluated by the ther-
mal full-configuration-interaction (FCI)18 with a perturbation-
scaled Hamiltonian Hˆ = Hˆ0 + λVˆ . They permit a rigorous
comparison of the zero-temperature limit of U (n) against E(n)
of HCPT both analytically and numerically. We can repeat
this comparison for the finite-temperature perturbation the-
ory in the canonical ensemble, whose SoS formulas for the
Helmholtz energy (F) and internal energy (U) have been re-
ported up to the third order.19
In what follows, we will show analytically and numerically
that for an ideal gas of identical molecules with a degener-
ate ground state U (1) converges at a finite, but wrong zero-
temperature limit that differs from E(1) of HCPT for the true
ground state, whereas the zero-temperature limit of U (2) is di-
vergent and again wrong. While the chemical potentials µ(n)
(0 ≤ n ≤ 2) converge at the correct zero-temperature limits,
the grand potentials Ω(n) (1 ≤ n ≤ 2) display the same non-
convergent behaviors as U (n). Taken together, these findings
establish that the original concern1 of Kohn and Luttinger is
well founded and the finite-temperature perturbation theory
in the grand canonical ensemble is indeed incorrect; beyond
the zeroth-order Fermi–Dirac theory, the perturbation theory
for U and Ω has zero radius of convergence at T = 0 and
becomes increasingly inaccurate at lower temperatures when-
ever the reference wave function differs qualitatively from the
true ground state.
The root cause of the failure does not have much to do with
the chemical potential µ (as implied by Kohn and Luttinger,1
by Luttinger and Ward,14 and by Balian et al.3) but with the
smooth nonanalytic nature of the Boltzmann factor e−E/kBT at
T = 0. The nonconvergence, therefore, persists in the canon-
ical ensemble also,19 which does not involve µ. It casts doubt
on the soundness of perturbation theories for thermodynamics
or, by extension, of quantum field theory (QFT) in certain ap-
plications, which also suffers from more notorious divergence
problems in its application to quantum electrodynamics.20
2II. ILLUSTRATIONS
Before going into the analytical formulas of U (n) and their
numerical behavior for a molecule in the next sections, we
will use three simple models to illustrate the essence of the
failure of the perturbation theory. Nonconvergence is ulti-
mately caused by the nonanalytic nature of U at T = 0 for
a degenerate reference or by a qualitatively wrong reference
(zeroth-order) wave function, both preventing U from being
expanded in a converging power series. This is ultimately as-
cribed to the nonanalytic nature of e−E/kBT at T = 0, a problem
unseen in the zero-temperature perturbation theory11 or vari-
ational finite-temperature theory,18 but reminiscent of the the-
ory of superconductivity whose interaction operator has the
similar form, δe−1/ρv.21 Therefore, this is caused by a funda-
mental mathematical limitation in the power series expansions
of pathological functions, which lies at the core of perturba-
tion theory (and QFT by extension) and may be hard to elim-
inate or resolve.
A. Nondegenerate, correct reference
Let us consider a function U(T ), which is a weighted aver-
age of E with an exponential weight:
U(T ) =
E0e
−E0/T + E1e
−E1/T
e−E0/T + e−E1/T
. (1)
This function is meant to capture the essential mathematical
features of the internal energy (thermal average of energy) U
as a function of temperature T in the canonical ensemble of a
two-state system with energies E0 and E1. Let E0 and E1 be
functions of λ given by
E0 = −1.1 − 0.1λ − 0.1λ2, (2)
E1 = −0.9 + 0.1λ + 0.1λ2, (3)
which are plotted as a function of λ in Fig. 1. They simulate
the energies of the two states as a function of the perturbation
strength λ, which are nondegenerate and correct at the zeroth
order (at λ = 0). By “correct,” we mean that the energy or-
dering of the ground state and first excited state is unchanged
in 0 ≤ λ ≤ 1, with the zeroth-order ground state (E0 = −1.1)
and excited state (E1 = −0.9) smoothly morphing into the true
ground state (E0 = −1.3) and true excited state (E1 = −0.7),
respectively, in the fully interacting (physical) limit of λ = 1.
A Taylor series of U at λ = 0 is
U(T ) = U (0) + U (1)λ + U (2)λ2 + . . . (4)
=
−0.9e0.9/T − 1.1e1.1/T
e0.9/T + e1.1/T
+
−0.04e2/T + 0.1Te1.8/T − 0.1Te2.2/T
(e0.9/T + e1.1/T )2T
λ + . . . . (5)
Figure 1 plotsU with λ = 1 (i.e., in the real physical situation)
as a function of T as well as its zeroth- through third-order
Taylor-series approximations. Exact U is a smooth function
starting with E0 = −1.3 at T = 0 (where 100% weight is on
the ground state), while its high-T limit is the simple average
of E0 and E1 and is equal to −1 = (−1.3 − 0.7)/2.
The Taylor-series approximations to U(T ) are finite and
convergent at the exact U(T ) everywhere including T = 0.
Reflecting the fact that E0 is a quadratic function of λ and
U(0) = E0, the second- and higher-order Taylor-series ap-
proximations of U(T ) become exact at T = 0. To put it in
the physics context, a perturbation theory for the internal en-
ergyU is valid at all temperatures and converges at the correct
zero-temperature limit, E0, if the reference chosen is nonde-
generate and correct.
B. Degenerate reference
Next, we consider a similar function U ′(T ),
U ′(T ) =
E′0e
−E′0/T + E′1e
−E′1/T
e−E
′
0/T + e−E
′
1/T
, (6)
with
E′0 = −1 − 0.1λ − 0.2λ
2, (7)
E′1 = −1 + 0.1λ + 0.2λ
2, (8)
which are plotted in Fig. 2. At λ = 1, E′0 = E0 = −1.3 and
E′1 = E1 = −0.7, and thereforeU
′(T ) ≡ U(T ). Here, however,
we elect to write E′0 and E
′
1 as functions of λ that start from
the same value of −1.0 at λ = 0. Hence, U ′(T ) is meant to
model the internal energy U in the canonical ensemble of the
same two-state system, whose energies are expanded in a per-
turbation series with a degenerate reference. More precisely,
a “degenerate” reference means that the degree of degener-
acy of the true ground state (E0) is partially or fully lifted as
λ = 0 → 1.
A Taylor expansion of U ′(T ) with respect to λ is
U ′(T ) = U ′(0) + U ′(1)λ + U ′(2)λ2 + U ′(3)λ3 + . . . (9)
= −1 + 0λ −
0.01
T
λ2 −
0.04
T
λ3 + . . . . (10)
Figure 2 plots U ′(T ) with λ = 1 as a function of T as well as
its zeroth- through third-order Taylor-series approximations.
U ′(T ) behaves exactly the same way as U(T ) because they
define the identical function at λ = 1; U ′(T ) is a smooth func-
tion going from −1.3 at T = 0 to −1 as T → ∞.
The zeroth- and first-order approximationsU ′(0) andU ′(0)+
U ′(1) are constant (−1) and finite everywhere, but the second-
and all higher-order approximations are divergent at T = 0.
Unlike U(T ), the radius of convergence of the Taylor series
of U ′ is zero at T = 0, implying that U ′ is a smooth non-
analytic function of λ, which are infinitely differentiable yet
not expandable in a Taylor series in λ at T = 0. To put this
in the language of physics, a perturbation theory of the inter-
nal energy U is always divergent at T = 0 and increasingly
inaccurate at low T , when the reference is degenerate.
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FIG. 1. (a) E0 and E1 as a function of λ. (b) U as a function of T at λ = 1 and its Taylor-series approximations.
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′
1 as a function of λ. (b) U
′ as a function of T at λ = 1 and its Taylor-series approximations.
C. Nondegenerate, incorrect reference
As the third case, we consider the function,
U ′′(T ) =
E′′0 e
−E′′0 /T + E′′1 e
−E′′1 /T
e−E
′′
0 /T + e−E
′′
1 /T
, (11)
with
E′′0 = −0.9 − 0.2λ − 0.2λ
2, (12)
E′′1 = −1.1 + 0.2λ + 0.2λ
2, (13)
as drawn in Fig. 3. Since E′′0 = E0 and E
′′
1 = E1 at λ = 1,
U ′′(T ) is again identical to U(T ) or U ′(T ) at λ = 1, but the
ordering of E′′0 and E
′′
1 reverses at λ ≈ 0.366, making E
′′
1 the
more negative of the two at λ = 0. Physically, this corresponds
to a perturbation theory with a qualitatively wrong reference,
which is the ground state only in the zeroth-order description
(λ = 0), but it actually evolves into the first excited state in the
fully interacting limit (λ = 1).
A Taylor expansion of U ′′(T ) around λ = 0 reads
U ′′(T ) = U ′′(0) + U ′′(1)λ + U ′′(2)λ2 + . . . (14)
=
−0.9e0.9/T − 1.1e1.1/T
e0.9/T + e1.1/T
+
0.08e2/T − 0.2Te1.8/T + 0.2Te2.2/T
(e0.9/T + e1.1/T )2T
λ + . . . ,
(15)
the various truncations of which are plotted in Fig. 3 as a func-
tion of T . They remain finite, but converge at E′′1 = −0.7 at
T = 0 (at the second and higher orders) instead of the correct
T = 0 limit of E′′0 = −1.3.
Therefore,U ′′(T ) is also a smooth nonanalytic function that
has zero radius of convergence at T = 0. A perturbation the-
ory for the internal energy becomes increasingly inaccurate at
low temperatures and fails to converge at the zero-temperature
perturbation theory when the reference is qualitatively wrong
and does not smoothly transform into the true ground state as
λ = 0 → 1.
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′′ as a function of T at λ = 1 and its Taylor-series approximations.
III. ZERO-TEMPERATURE LIMIT OF U
The internal energy U in the grand canonical ensemble of
electrons is the thermal average of energy,
U =
∑
I EIe
−βEI+βµNI∑
I e
−βEI+βµNI
, (16)
where I runs over all states with any number of electrons,
β = (kBT )−1, µ is the chemical potential, and EI and NI are
respectively the exact (FCI) energy and number of electrons
in the Ith state.
A perturbation expansion of U means that
U = U (0) + λU (1) + λ2U (2) + λ3U (3) + . . . , (17)
with
U (n) =
1
n!
∂nU(λ)
∂λn
∣∣∣∣∣
λ=0
, (18)
where U(λ) is given by Eq. (16) with EI being the Ith eigen-
value of a perturbation-scaled Hamiltonian, Hˆ0 + λVˆ .
Carrying through the λ-differentiation of Eq. (16), we ob-
tain the SoS analytical formulas for the zeroth-, first-,15 and
second-order16 perturbation corrections of U as
U (0) = 〈E
(0)
I
〉, (19)
U (1) = 〈E
(1)
I
〉 − β〈F
(0)
I
F
(1)
I
〉 + β〈F
(0)
I
〉〈F
(1)
I
〉, (20)
U (2) = 〈E
(2)
I
〉 − β〈F
(1)
I
F
(1)
I
〉 + β〈F
(1)
I
〉〈F
(1)
I
〉
−β〈F
(0)
I
F
(2)
I
〉 + β〈F
(0)
I
〉〈F
(2)
I
〉
+
β2
2
〈F
(0)
I
(F(1)
I
)2〉 −
β2
2
〈F
(0)
I
〉〈(F(1)
I
)2〉
−β2〈F
(0)
I
F
(1)
I
〉〈F
(1)
I
〉 + β2〈F
(0)
I
〉〈F
(1)
I
〉2, (21)
where 〈XI〉 stands for the zeroth-order thermal average,
〈XI〉 =
∑
I XIe
−βF
(0)
I
∑
I e
−βF
(0)
I
, (22)
with
F
(n)
I
= E
(n)
I
− µ(n)NI . (23)
Here, µ(n) is the nth-order correction to the chemical poten-
tial, discussed fully in the next section, which is shown to be
finite at any temperature for n ≤ 2.
On the other hand, E(n)
I
is identified15,16 as the nth-
order HCPT correction11 to the Ith-state energy of a de-
generate and nondegenerate reference, distinguished from
the Møller–Plesset perturbation theory (MPPT).10,12,13 Since
many zeroth-order (excited, ionized, etc.) states are degener-
ate, it is imperative to use a degenerate perturbation theory
such as HCPT that computes energy corrections that match
the definition:
E
(n)
I
=
1
n!
∂nEI(λ)
∂λn
∣∣∣∣∣
λ=0
, (24)
which remains finite for any state. In contrast, a nondegener-
ate perturbation theory such as MPPT diverges for a degen-
erate reference and is, therefore, inappropriate here, although
HCPT reduces to MPPT for a nondegenerate reference. In this
article, the acronyms MPPT, MBPT, and (diagrammatic) BG
perturbation theories are used interchangeably, but in distinc-
tion to HCPT.
The zero-temperature limit of U is E0 (the FCI energy for
the true ground state) according to Eq. (16), where the states
are numbered in the ascending order of the FCI energy. Then,
the correct zero-temperature limit of U (n) should be E(n)0 , the
latter being defined by HCPT for the true ground state accord-
ing to FCI. We propose to refine the question raised by Kohn
and Luttinger1 as follows:
lim
T→0
U (n)
?
= E
(n)
0 , (25)
in a molecule for 0 ≤ n ≤ 2, where E(n)0 is the nth-order HCPT
energy correction for the lowest-energy neutral state of the
molecule according to FCI. The revised question eliminates
many of the confusions sown by the original question. First,
we are no longer comparing the zero-temperature limit ofΩ(n)
5with E(n)0 , which, even in the most ideal circumstance, dif-
fer from each other by µ(n)〈NI〉, which is generally nonzero
at T = 0.17 Second, E(n)0 is identified as the nth-order HCPT
correction, and not as the diagrammatic BG perturbation cor-
rection or the nth-order MPPT correction, which is ill defined
for a degenerate reference. Third, we apply the perturbation
theory to an ideal gas of finite-sized molecules with a degener-
ate or nondegenerate reference (whose E(n)0 and E0 are always
finite) instead of a specific example of HEG, whose Ω(2) and
E
(2)
0 (according to the BG perturbation theory) are divergent
for a multitude of reasons.22
A. Nondegenerate, correct reference
Let us first establish analytically that the finite-temperature
perturbation theory passes the Kohn–Luttinger test [Eq. (25)]
for a nondegenerate, correct reference. By ‘correct,’ we mean
that the reference (λ = 0) wave function morphs into the true
ground state of the neutral molecule as per FCI (λ = 1) as
λ = 0 → 1; there is no contact or crossing of the ground- and
excited-state energies as functions of λ in 0 ≤ λ ≤ 1. Under
these conditions, we can identify one and only one nondegen-
erate neutral reference state whose F(0)0 is the most negative.
Then, each zeroth-order thermal average 〈XI〉 reduces to X0 at
T = 0. Also, a thermal average of products 〈XIYI〉 becomes
the single product X0Y0 for the ground state at T = 0. There-
fore, we have
lim
T→0
U (0) = E
(0)
0 , (26)
lim
T→0
U (1) = E
(1)
0 − βF
(0)
0 F
(1)
0 + βE
(0)
0 F
(1)
0
= E
(1)
0 , (27)
lim
T→0
U (2) = E
(2)
0 − βF
(1)
0 F
(1)
0 + βF
(1)
0 F
(1)
0
−βF
(0)
0 F
(2)
0 + βF
(0)
0 F
(2)
0
+
β2
2
F
(0)
0 (F
(1)
0 )
2 −
β2
2
F
(0)
0 (F
(1)
0 )
2
−β2F
(0)
0 (F
(1)
0 )
2 + β2F
(0)
0 (F
(1)
0 )
2
= E
(2)
0 , (28)
satisfying Eq. (25) for 0 ≤ n ≤ 2. These have been numeri-
cally verified also.15,16 We conclude that the Kohn–Luttinger
conundrum does not exist for a nondegenerate, correct refer-
ence. This corresponds to the case of Sec. II A.
The internal energy formulas in the canonical ensemble19
are the same as Eqs. (19)–(21) with each F(n)
I
replaced by E(n)
I
(in the definition of the thermal average 〈XI〉 [Eq. (22)] also).
Hence, they also pass the Kohn–Luttinger test [Eq. (25)] for a
nondegenerate, correct reference for 0 ≤ n ≤ 3.19
An obvious issue with the foregoing conclusion is that one
cannot knowwhether a reference is ‘correct’ until the FCI cal-
culation is actually carried out, defeating the purpose of the
perturbation theory as a converging approximation. To put it
another way, the two cases discussed in Secs. II A and II C
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FIG. 4. The HCPT and FCI energies of the 16 states sharing the
same, lowest E(0)
I
− µ(0)NI of the square-planar H4 molecule (0.8 Å)
with the STO-3G basis set. HF stands for the zero-temperature limit
of the thermal Hartree–Fock energy, whose wave function is a lin-
ear combination of two Slater determinants for the neutral, singlet
ground state. MP1 refers to the first-order Møller–Plesset perturba-
tion energy for the single Slater-determinant reference for the neutral,
singlet ground state. See footnotes of Table I for more details.
cannot be distinguished until the truncation order of the Tay-
lor series reaches infinity.
B. Degenerate and/or incorrect reference
To understand the T -dependence of U for a degenerate
and/or incorrect reference, it is instructive to first analyze the
HCPT energies. This may be facilitated by an example.
Figures 4 and 5 plot the exact (FCI) energies of the six-
teen zeroth-order degenerate states of the square-planar H4
(or their ions) that have the same, lowest F(0)
I
. They also
plot the zeroth-, first-, and second-order HCPT energies of
the sixteen states. It can be seen that the degeneracy is lifted
as the perturbation order is raised, revealing which state is
the true ground state whose energy becomes the correct zero-
temperature limit of U. Of particular interest among the six-
teen states are the six states of the neutral H4 sharing the iden-
tical E(0)
I
and also the same NI = 4. (The rest are the states of
the ions with the same F(0)
I
but different NI .) Three of them
are singlet states plotted in red lines, while the other three are
a triplet state drawn in green lines. This triplet state (green) is
the true ground state according to FCI, obeying Hund’s rule,
although the lowest singlet state (red) is the reference wave
function used in the HCPT calculation generating this plot and
in the finite-temperature perturbation theory calculations.
Therefore, the square-planar H4 calculation with the sin-
glet ground-state reference is not only an example of the case
discussed in Sec. II B (the zeroth-order degeneracy is lifted
at the first order), but it also somewhat pertains to the case of
Sec. II C (the reference does not correspond to the true ground
state).
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1. U (0)
Let us show that the zero-temperature limit ofU (0) equals to
E
(0)
0 for a degenerate reference, even if the reference is an in-
correct member within the degenerate subspace (e.g., a singlet
reference when the true ground state is a triplet).
We may rewrite the SoS formula of U (0) [Eq. (19)] as
U (0) = 〈F
(0)
I
〉 + µ(0)〈NI〉
= 〈F
(0)
I
〉 + µ(0)N¯, (29)
where N¯ is the number of electrons ensuring the electroneu-
trality of the molecule,15,16 and the second equality follows
from the fact that µ(0) is determined by the condition 〈NI〉 = N¯.
At T = 0, the zeroth-order thermal average [Eq. (22)] is dom-
inated completely by the states with the lowest F(0)
I
and be-
comes its simple average over the degenerate reference states
(the sixteen states of Figs. 4 and 5 in our H4 example). There-
fore,
lim
T→0
U (0) = F
(0)
0 + µ
(0)N¯ = E
(0)
0 , (30)
where E(0)0 is the zeroth-order energy of the reference state of
the neutral molecule, namely,
E
(0)
0 = Enuc. +
occ.∑
i
ǫi, (31)
where Enuc. is the nuclear repulsion energy, ǫi is the ith or-
bital energy, and i runs over all spinorbitals occupied in the
reference Slater determinant.
The reduced analytical formula for U (0) reads15,16
U (0) = Enuc. +
∑
p
ǫp f
−
p , (32)
where f −p = 1/{1 + e
β(ǫp−µ(0))} is the Fermi–Dirac distribution
function, and p runs over all spinorbitals. At T = 0, f −p = 1
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FIG. 6. The zeroth-, first-, and second-order perturbation corrections
to the internal energy (U (0), U (1), and U (2)) as a function of temper-
ature as well as the HCPT energy corrections (E(0)0 , E
(1)
0 , and E
(2)
0 )
of the neutral triplet ground state as their correct zero-temperature
limits.
for all p with ǫp < ǫH, and f −p = 0 for all p with ǫp > ǫH, as
well as23
lim
T→0
f −H = lim
T→0
f −L =
N
deg.
H
N
deg.
H + N
deg.
L
, (33)
where H stands for the highest-occupied molecular orbital
(HOMO) and L for the lowest-unoccupied molecular orbital
(LUMO), and Ndeg.H and N
deg.
L are the degrees of degeneracy of
these orbitals. Substituting, we obtain
lim
T→0
U (0) = Enuc. +
occ.∑
i
ǫi = E
(0)
0 , (34)
where ‘occ.’ means that i runs over spinorbitals occupied in
the reference Slater determinant. Therefore, both SoS and
reduced analytical formulas for U (0) reach the correct zero-
temperature limit E(0)0 . This is true even if the reference is
incorrect insofar as it is degenerate with the correct reference
at the zeroth order (which is the case with our H4 example).
It is concluded that the zeroth-order (Fermi–Dirac) theory
is correct at any temperature including T = 0 for a degenerate,
incorrect reference as long as the correct reference belongs to
the same zeroth-order degenerate subspace.
This conclusion is verified numerically in Fig. 6, whose se-
lected data are compiled in Table I. For the square-planar H4,
which has a degenerate reference, U (0) converges at its zero-
temperature limit of 1.9980 Eh at T = 102K, which is equal to
E
(0)
0 according to HCPT and MPPT as well as the correspond-
ing energy component of the finite-temperature HF theory at
T = 0.
7TABLE I. Comparison of the zeroth-, first-, and second-order correc-
tions to internal energy (U (n), 0 ≤ n ≤ 2) as a function of temperature
(T ) for the square-planar H4 molecule (0.8 Å) with the STO-3G basis
set. The reference wave function is the zero-temperature limit of the
finite-temperature Hartree–Fock theory and is degenerate.
T/ K U (0)/Eh U (1)/Eh U (2)/Eh
0 (HCPT)a 1.9980 −3.7015 −0.0187
0 (HCPT)b 1.9980 −3.6696 −0.0534
0 (MPPT)c 1.9980 −3.5818 −∞
0 (HF)d 1.9980 −3.3771 · · ·
102 1.9980 −3.3771 −343.9555
103 1.9980 −3.3771 −34.4176
104 1.9980 −3.3771 −3.4638
105 2.1568 −3.3691 −0.3002
106 3.7079 −3.4831 −0.1684
a The correct zero-temperature limit. The Hirschfelder–Certain degenerate
perturbation theory11 for the triplet ground state. The FCI wave function
of this state is
−0.70(1a1g)2(2euα)1(3euβ)1(4b1g)0 + 0.70(1a1g)2(2euβ)1(3euα)1(4b1g)0.
b The Hirschfelder–Certain degenerate perturbation theory11 for the singlet
ground state. The FCI wave function of this state is
0.57(1a1g)2(2eu)2(3eu)0(4b1g)0 − 0.57(1a1g)2(2eu)0(3eu)2(4b1g)0 +
0.40(1a1g)2(2euα)1(3euβ)1(4b1g)0 + 0.40(1a1g)2(2euβ)1(3euα)1(4b1g)0.
c The Møller–Plesset perturbation theory10 for the singlet
Slater-determinant reference: (1a1g)2(2eu)2(3eu)0(4b1g)0 .
d The zero-temperature limit of the finite-temperature Hartree–Fock theory.
The wave function is not a single Slater determinant, but is a linear
combination of the form
2−1/2(1a1g)2(2eu)2(3eu)0(4b1g)0 + 2−1/2(1a1g)2(2eu)0(3eu)2(4b1g)0.
2. U (1)
Let us reproduce the SoS analytical formula15,16 of U (1)
[Eq. (20)] for the reader’s convenience:
U (1) = 〈E
(1)
I
〉 − β〈F
(0)
I
F
(1)
I
〉 + β〈F
(0)
I
〉〈F
(1)
I
〉. (35)
The last two terms are alarming since β → ∞ as T → 0.
If 〈F(0)
I
F
(1)
I
〉 and 〈F(0)
I
〉〈F
(1)
I
〉 did not cancel with each other
exactly at T = 0, the zero-temperature limit of U (1) would
be divergent and thus could not equal to the correct zero-
temperature limit of E(1)0 , which is always finite.
As T → 0, each of these thermal averages is dominated
by the simple average in the zeroth-order degenerate subspace
sharing the same lowest F(0)
I
whose Boltzmann factor is ex-
ponentially greater. As discussed above, generally, the degen-
eracy of E(n)
I
is gradually lifted as the perturbation order n is
raised and, therefore, the E(1)
I
values of the zeroth-order de-
generate states can have a distribution (e.g., Figs. 4 and 5).
(The values of E(0)
I
can also have a distribution arising from
different ionic states.) Then, the sum of the last two terms can
be viewed as a covariance (multiplied by −β) of two distribu-
tions, F(0)
I
and F(1)
I
. In this case, however, F(0)
I
has the same
lowest value for all the zeroth-order degenerate states and thus
zero variance, and, therefore, the covariance is also zero:
cov
(
F
(0)
I
, F
(1)
I
)
≡ 〈F
(0)
I
F
(1)
I
〉 − 〈F
(0)
I
〉〈F
(1)
I
〉 = 0, (36)
at T = 0 and, therefore,
lim
T→0
U (1) = lim
T→0
〈E
(1)
I
〉 ≡ E
[
E
(1)
I
]
, (37)
where E [XI] stands for the simple average of XI over the
zeroth-order degenerate states I. This limit is finite.
Does this [Eq. (37)] mean that U (1) passes the Kohn–
Luttinger test for a degenerate reference? The answer is no
because E(1)
I
in the zeroth-order degenerate subspace has a
nonzero variance and its simple average differs from (is usu-
ally greater than) E(1)0 for the true (FCI) ground state, which
is often (but not always) the most negative of E(1)
I
in the de-
generate subspace and is the correct zero-temperature limit.
Hence, we write
lim
T→0
U (1) = E
[
E
(1)
I
]
, E
(1)
0 , (38)
indicating that although the first-order finite-temperature per-
turbation theory remains finite and well defined as T → 0, it
fails to converge at the correct zero-temperature limit if the de-
generacy is partially or fully lifted at the first order of HCPT.24
The reduced analytical formula15,16 of U (1) reads
U (1) =
∑
p
Fpp f
−
p −
1
2
∑
p,q
〈pq||pq〉 f −p f
−
q
−β
∑
p
Fppǫp f
−
p f
+
p ,+βµ
(1)
∑
p
ǫp f
−
p f
+
p , (39)
where f +p = 1 − f
−
p and F is the finite-temperature Fock
matrix9 minus the diagonal zero-temperature Fock matrix,
Fpq = H
core
pq +
∑
r
〈pr||qr〉 f −r − δpqǫp, (40)
with Hcore being the one-electron part of the Fock matrix.12
The Møller–Plesset partitioning of the Hamiltonian is
adopted. The reduced analytical formula15,16 of µ(1) is
µ(1) =
∑
p Fpp f
−
p f
+
p∑
p f
−
p f
+
p
. (41)
Taking the T = 0 limit, we obtain
lim
T→0
U (1) = E

occ.∑
i
Fii
 − E

1
2
occ.∑
i, j
〈i j||i j〉

−β
ǫp=ǫH∑
p
Fppǫp f
−
p f
+
p
+β
∑ǫp=ǫH
p Fpp f
−
p f
+
p∑ǫp=ǫH
p f
−
p f
+
p
ǫp=ǫH∑
p
ǫp f
−
p f
+
p (42)
= −E

1
2
occ.∑
i, j
〈i j||i j〉
 , (43)
where ǫp = ǫH means that p runs over degenerate HOMO
and LUMO. The second equality used the fact that at T = 0,
f −p f
+
p = 0 for all p except for degenerate HOMO and LUMO
whose f −p f
+
p have the same nonzero value [see Eq. (33)] and
8Fpp = 0 at T = 0 as per its definition [Eq. (40)]. E [. . . ] means
the simple average in the zeroth-order degenerate subspace
and ‘occ.’ stands for spinorbitals occupied in each of these
degenerate Slater determinants.
The penultimate term of Eq. (42) contains
−β
ǫp=ǫH∑
p
∑
r
〈pr||pr〉 f −r ǫp f
−
p f
+
p , (44)
which is divergent as T → 0 and may be viewed as an
“anomalous” contribution of Kohn and Luttinger1 (although
the parent term vanishes because Fpp = 0 at T = 0). That
this is exactly canceled by the corresponding contribution in
the last term containing µ(1) appears to support the Luttinger–
Ward solution even for nonisotropic systems. However, this is
not the case and Eq. (43) does not passes the Kohn–Luttinger
test [Eq. (25)]:
The last expression [Eq. (43)] is identified as the first-order
MPPT energy or the thermal HF energy at T = 0 minus the
zeroth-orderMPPT energy,12 which generally differs from the
first-order HCPT energy11 if the reference is degenerate. The
first-order HCPT energy corrections are the eigenvalues of the
perturbation matrix [Eq. (37) of Hirschfelder and Certain11]
within the zeroth-order degenerate subspace and cannot be
expressed in a closed formula such as Eq. (43). The sim-
ple average of these eigenvalues can, however, be written in
a closed formula,15,16 which is nothing but Eq. (43), and is
usually greater than the eigenvalue for the true (FCI) ground
state, which is the correct zero-temperature limit. Therefore,
whereas the first-order finite-temperature perturbation theory
is not divergent thanks to this cancellation, it still tends to a
wrong zero-temperature limit, which is the simple average of
the first-order HCPT energy corrections in the zeroth-order
degenerate subspace and not the correct limit of the first-order
HCPT energy correction for the true ground state. This merely
confirms the foregoing conclusion drawn from the SoS for-
mula of U (1), which is mathematically equivalent to the re-
duced formula.
According to Table I,25 the zero-temperature limit of U (1)
in the square-planar H4 is −3.3771 Eh (reached at T = 102K)
and is distinctly higher than the correct zero-temperature limit
of E(1)0 = −3.7015 Eh, which is the first-order HCPT energy
correction for the neutral triplet ground state, supporting the
above conclusion [Eq. (38)] numerically. The comparison
furthermore underscores the fact that even if it were not for
the degeneracy, U (1) would not converge at the correct zero-
temperature limit of E(1)0 ; rather it would converge at another
wrong limit of E(1)1 = −3.6696 Eh, which is the first-order
HCPT energy correction for the neutral singlet ground state.
This is because the referencewave function in the thermal per-
turbation calculations in Table I is the finite-temperature HF
wave function at T = 0 for the neutral singlet ground state,
which is an overall excited state. Therefore, the nonconver-
gence in our H4 example originates from the combination of
the two causes discussed in Secs. II B and II C, and may be
particularly hard to resolve. Figure 6 shows that U (1) is con-
vergent to a constant at T = 0, which is distinctly higher than
the correct limit of E(1)0 .
TheU (1) expression in the canonical ensemble19 is the same
as Eq. (35) with every F(n)
I
replaced by E(n)
I
(and also in the
definition of the thermal average 〈XI〉 [Eq. (22)]). Therefore,
the first-order perturbation theory in the canonical ensemble
also fails to converge at the correct zero-temperature limit.
3. U (2)
The zero-temperature limit of the SoS analytical formula
for U (2) [Eq. (21)] is
lim
T→0
U (2) = E
[
E
(2)
I
]
− β cov
(
F
(1)
I
, F
(1)
I
)
−β cov
(
F
(0)
I
, F
(2)
I
)
+
β2
2
cov
(
F
(0)
I
, (F(1)
I
)2
)
−β2 cov
(
F
(0)
I
, F
(1)
I
)
E
[
F
(1)
I
]
(45)
= E
[
E
(2)
I
]
− β cov
(
F
(1)
I
, F
(1)
I
)
, (46)
where the simple average and covariance are taken over all
zeroth-order degenerate states. The second equality follows
from the fact that cov(F(0)
I
, XI) = 0 for any XI because F
(0)
I
has zero variance in the degenerate subspace. In contrast, F(1)
I
generally has a lower degree of degeneracy than F(0)
I
and, if
so, has a nonzero variance, making the last term divergent as
T → 0 (β → ∞). Therefore, the zero-temperature limit ofU (2)
is divergent for a degenerate reference, and disagrees with
the correct limit of the second-order HCPT energy correction
E
(2)
0 for the true (FCI) ground state, which is always finite.
The foregoing discussion on U (1) implies that even if it were
not for the divergent covariance term, U (2) would still reach
a wrong zero-temperature limit because E
[
E
(2)
I
]
differs from
E
(2)
0 . Worse still, even if it were not for degeneracy in the ref-
erence, U (2) may not converge at the correct zero-temperature
limit, if the reference fails to connect to the true (FCI) ground
state as λ = 0 → 1. Hence, we conclude
lim
T→0
U (2) , E
(2)
0 , (47)
for a degenerate reference.
The reduced analytical formula of U (2) reads16
9U (2) =
denom.,0∑
p,q
|Fpq|
2 f −p f
+
q
ǫp − ǫq
+
1
4
denom.,0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
ǫp + ǫq − ǫr − ǫs
− β
denom.=0∑
p,q
|Fpq|
2 f −p f
+
q −
β
4
denom.=0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
+2βµ(1)
∑
p
Fpp f
−
p f
+
p − β
(
µ(1)
)2 ∑
p
f −p f
+
p − β
denom.,0∑
p,q
|Fpq|
2 f −p f
+
q (ǫp f
+
p − ǫq f
−
q )
ǫp − ǫq
−β
denom.,0∑
p,q,r
(Fqp〈pr||qr〉 + 〈qr||pr〉Fpq) f −p f
+
q (ǫr f
−
r f
+
r )
ǫp − ǫq
−
β
4
denom.,0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s (ǫp f
+
p + ǫq f
+
q − ǫr f
−
r − ǫs f
−
s )
ǫp + ǫq − ǫr − ǫs
+
β2
2
denom.=0∑
p,q
|Fpq|
2 f −p f
+
q (ǫp f
+
p − ǫq f
−
q ) +
β2
2
denom.=0∑
p,q,r
(Fqp〈pr||qr〉 + 〈qr||pr〉Fpq) f −p f
+
q (ǫr f
−
r f
+
r )
+
β2
8
denom.=0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s (ǫp f
+
p + ǫq f
+
q − ǫr f
−
r − ǫs f
−
s ) − β
2µ(1)
∑
p
Fpp f
−
p f
+
p (ǫp f
+
p − ǫp f
−
p )
−β2µ(1)
∑
p,q
〈pq||pq〉 f −p f
+
p (ǫq f
−
q f
+
q ) +
β2
2
(
µ(1)
)2 ∑
p
f −p f
+
p (ǫp f
+
p − ǫp f
−
p ) + βµ
(2)
∑
p
ǫp f
−
p f
+
p , (48)
whose zero-temperature limit is
lim
T→0
U (2) = E

∑
i,a
|Fia|
2
ǫi − ǫa
 + E

1
4
∑
i, j,a,b
|〈i j||ab〉|2
ǫi + ǫ j − ǫa − ǫb
 − β
ǫp=ǫq=ǫH∑
p,q
|Fpq|
2 f −p f
+
q −
β
4
ǫp=ǫq=ǫr=ǫs=ǫH∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
+β
(
lim
T→0
µ(1)
)2 ǫp=ǫH∑
p
f −p f
+
p + β lim
T→0
µ(2)
ǫp=ǫH∑
p
ǫp f
−
p f
+
p , (49)
where the average is taken over all degenerate reference Slater
determinants and i and j (a and b) run over all occupied (un-
occupied) spinorbitals in each of these determinants exclud-
ing degenerate HOMO and LUMO (i.e., ǫi < ǫH and ǫa > ǫH),
whereas ǫp = ǫH means that p runs over all spinorbitals that
are degenerate with HOMO.
The sum of the first two terms, which resembles the usual
second-order MPPT energy correction, is the simple average
E
[
E
(2)
I
]
of the second-orderHCPT energy corrections over the
degenerate reference Slater determinants. It differs from the
second-order HCPT energy correction E(2)0 for the true (FCI)
ground state. The latter is an eigenvalue of some perturbation
matrix [Eq. (57) of Hirschfelder and Certain11] and thus can-
not be written as a closed formula. Hence, even if it were not
for the remaining four terms that all contain divergent β, U (2)
would not converge at the correct zero-temperature limit.
The third term contains the anomalous contribution as its
diagonal summands,
−β
ǫp=ǫH∑
p
f −p f
+
p

∑
r
〈pr||pr〉 f −r

2
, (50)
which may be compared with the anomalous contribution la-
beled “Ω2A” [Eq. (22) of Ref. 1] by Kohn and Luttinger. This
divergent term (at T = 0) is shown1 to be canceled by a term
containing (µ(1))2 [Eq. (18) of Ref. 1] for a HEG. This is borne
out in Eq. (49) in a more general context since
−β
ǫp=ǫH∑
p
|Fpp|
2 f −p f
+
p + β
(
µ(1)
)2 ǫp=ǫH∑
p
f −p f
+
p
= −β
ǫp=ǫH∑
p
(Fpp)2 f −p f
+
p + β

∑ǫp=ǫH
p Fpp f
−
p f
+
p∑ǫp=ǫH
p f
−
p f
+
p

2 ǫp=ǫH∑
p
f −p f
+
p
= 0, (51)
where the reduced formula for µ(1) [Eq. (41)] was used in the
first equality. However, these systematic cancellations, shown
to eliminate all anomalous contributions at any perturbation
order for isotropic systems,14 fall short of resolving the di-
vergence of U (2) for more general, nonisotropic systems: The
off-diagonal summands of the third term of Eq. (49) are not
compensated for by the fifth term, although Fpq = 0 for p , q
in the canonical HF reference. More importantly, the fourth
and sixth terms seem to bear no simple relationship and do
not cancel each other, making the zero-temperature limit of
U (2) divergent [reaffirming Eq. (47)].
Table I and Fig. 6 numerically verify the above conclusion
for the square-planar H4. The correct zero-temperature limit
of U (2) is the second-order HCPT energy correction for the
neutral, triplet ground state, which is −0.0187 Eh, whereas
U (2) becomes asymptotically inversely proportional to T and
tends to −∞ as T → 0. The second-order MPPT energy cor-
rection in the square-planar H4 is also −∞ (so is in a HEG),
but this calculation merely constitutes a misuse of the non-
degenerate perturbation theory for a degenerate reference and
10
does not give the correct zero-temperature limit. Even if all
β-dependent terms were erased in the SoS or reduced formu-
las of U (2), the resulting formulas would not reach the correct
zero-temperature limit of −0.0187 Eh, but instead converge at
a wrong limit, which is the second-orderHCPT energy correc-
tion for the neutral, singlet ground state (−0.0534 Eh) because
the reference chosen was the singlet.
Since U (2) in the canonical ensemble19 is isomorphic to Eq.
(21) except that each F(n)
I
is replaced by E(n)
I
, it also suffers
from divergence at T = 0. While the divergence may pos-
sibly (though highly improbably) be systematically removed
by a clever choice of µ, the resulting finite zero-temperature
limit of U (2) would still not converge at the correct value for
the true (FCI) ground state because one cannot know whether
the reference corresponds to the true ground state without ac-
tually performing a FCI calculation. Therefore, the Kohn–
Luttinger conundrum cannot be resolved by some alternative
treatment of µ, contrary to Luttinger and Ward14 or Balian et
al.3 because µ does not even enter the thermodyamics in the
canonical ensemble.
To summarize, when the reference wave function is qualita-
tively different from the true (FCI) ground-state wave function
(in the sense that the degrees of degeneracy differ between the
zeroth and infinite orders and/or the ordering of the ground
state changes with λ), U (1) and U (2) do not converge at the
respective correct zero-temperature limits. Since this noncon-
vergence persists regardless of the perturbation strength, the
finite-temperature perturbation theories in the grand canoni-
cal and canonical ensembles are said to have zero radius of
convergence at T = 0. This is not caused by an improper treat-
ment of µ (since the canonical ensemble does not involve µ),
but rather ultimately by the nonanalytic nature of the Boltz-
mann factor e−E
(0)
I
/kBT at T = 0.
IV. ZERO-TEMPERATURE LIMIT OF µ
The chemical potential µ is determined by solving the elec-
troneutrality condition,15–17
N¯ = 〈N〉 ≡
∑
I NIe
−βFI∑
I e
−βFI
, (52)
where N¯ is the average number of electrons that keeps the
system electrically neutral. As T → 0, the thermal average
is increasingly dominated by the term with the most negative
FI , where the Ith state is usually the neutral (degenerate or
nondegenerate) ground state (i.e., I = 0). However, if we kept
only this greatest summand in the numerator, we could not
determine µ at T = 0 because the equation holds for any value
of µ since N0 = N¯. What actually determines µ at T = 0 is the
most dominant summands for ionized and electron-attached
states with NI , N¯. Assuming the most common scenario in
which the most negative FI for ionized and electron-attached
states occur for NI = N¯ ± 1, we see that the above equation
is satisfied at T = 0 if the contributions to the right-hand side
from the cation and anion ground states cancel with each other
exactly, whereupon we have
N
deg.
catione
−βEcation+βµ(N¯−1) = N
deg.
anione
−βEanion+βµ(N¯+1), (53)
where Ecation and N
deg.
cation are the energy and degeneracy of the
cation ground state (and the anion counterparts similarly de-
fined). This can be solved for µ as
µ =
Eanion − Ecation
2
+
1
2β
ln
N
deg.
cation
N
deg.
anion
. (54)
which implies
lim
T→0
µ =
Eanion − Ecation
2
. (55)
At the zeroth order, the above equation leads to18
lim
T→0
µ(0) =
E
(0)
anion − E
(0)
cation
2
=
ǫH + ǫL
2
, (56)
where ǫH and ǫL are the HOMO and LUMO energies, respec-
tively, and Eq. (31) was used in the second equality. The re-
duced analytical formula of µ(0) is15,16
N¯ =
∑
p
f −p , (57)
which becomes indeterminate at T = 0 since it is satisfied by
any µ(0) in the domain ǫH < µ(0) < ǫL. At T ≈ 0, the sum is
dominated by the contributions from the HOMO and LUMO,
and hence,
N
deg.
H f
+
H = N
deg.
L f
−
L , (58)
where Ndeg.H and N
deg.
L are the degrees of degeneracy of the
HOMO and LUMO, respectively. For a nondegenerate refer-
ence, this can be solved for µ(0) to give
µ(0) =
ǫH + ǫL
2
+
1
2β
ln
N
deg.
H
N
deg.
L
, (59)
which means
lim
T→0
µ(0) =
ǫH + ǫL
2
. (60)
For a degenerate reference, µ(0) = ǫH = ǫL at T = 0, where
Eq. (33) holds.
At the first order, we can similarly write
lim
T→0
µ(1) =
E
(1)
anion − E
(1)
cation
2
, (61)
where E(1)cation and E
(1)
anion are the first-order HCPT energy cor-
rections of the cation and anion ground states, respectively. If
they are degenerate at the zeroth order and the degeneracy is
partially or fully lifted at the first order, these energy correc-
tions are the eigenvalues of the perturbation matrix [Eq. (37)
of Ref. 11] and cannot be simplified any furthur. However, if
the degrees of degeneracy are unchanged, they are expressed
11
by the first-order MPPT formula16 and obey Koopmans’ the-
orem, reducing the right-hand side to
lim
T→0
µ(1) = 0, (62)
in the canonical HF reference. The reduced analytical for-
mula of µ(1) is given by Eq. (41) and reproduced here for the
reader’s convenience:
µ(1) =
∑
p Fpp f
−
p f
+
p∑
p f
−
p f
+
p
. (63)
The right-hand side has the same zero-temperature limit as
Eq. (62) for degenerate and nondegenerate references because
Fpp = 0 at T = 0.
Likewise, the zero-temperature limit of µ(2) is
lim
T→0
µ(2) =
E
(2)
anion − E
(2)
cation
2
, (64)
where E(2)cation and E
(2)
anion are the second-order HCPT energy
corrections. When the degeneracy is partially or fully lifted at
the second order, they are the eigenvalues of the perturbation
matrix [Eq. (57) of Ref. 11] and the right-hand side of the
above equation does not simplify any further. If this is not the
case and the neutral reference is nondegenerate, the right-hand
side is identified as the average of the ∆MP2 energies26,27 for
the HOMO and LUMO:
lim
T→0
µ(2) =
Σ
(2)
H + Σ
(2)
L
2
, (65)
with
Σ(2)p =
1
2
∑
j,a,b
〈p j||ab〉〈ab||p j〉
ǫp + ǫ j − ǫa − ǫb
+
1
2
∑
i, j,b
〈i j||pb〉〈pb||i j〉
ǫp + ǫb − ǫi − ǫ j
,
(66)
in the canonical HF reference, where i and j run over spinor-
bitals occupied in the reference Slater determinant and a and b
over spinorbitals unoccupied, while p is any spinorbital. The
reduced analytical formula of µ(2) is written as16
µ(2)
∑
p
f −p f
+
p =
denom.,0∑
p,q
|Fpq|
2 f −p f
+
q ( f
+
p − f
−
q )
ǫp − ǫq
+
denom.,0∑
p,q,r
(Fqp〈pr||qr〉 + 〈qr||pr〉Fpq) f −p f
+
q f
−
r f
+
r
ǫp − ǫq
+
1
4
denom.,0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s ( f
+
p + f
+
q − f
−
r − f
−
s )
ǫp + ǫq − ǫr − ǫs
−
β
2
denom.=0∑
p,q
|Fpq|
2 f −p f
+
q ( f
+
p − f
−
q )
−
β
2
denom.=0∑
p,q,r
(Fqp〈pr||qr〉 + 〈qr||pr〉Fpq) f −p f
+
q f
−
r f
+
r −
β
8
denom.=0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s ( f
+
p + f
+
q − f
−
r − f
−
s )
+βµ(1)
∑
p
Fpp f
−
p f
+
p ( f
+
p − f
−
p ) + βµ
(1)
∑
p,q
〈pq||pq〉 f −p f
+
p f
−
q f
+
q −
β
2
(
µ(1)
)2 ∑
p
f −p f
+
p ( f
+
p − f
−
p ). (67)
If we assume a canonical, nondegenerate HF reference with
the same degrees of degeneracy for the HOMO and LUMO,
then Fpq = 0 and µ(1) = 0 at T = 0 and the above formula
reproduces Eqs. (65) and (66).
Table II lists µ(0), µ(1), and µ(2) of the square-planar H4
as a function of temperature in comparison with the zero-
temperature limits [Eqs. (56), (61), and (64)]. They all come
within 0.1mEh of the respective limits at T ≤ 104K, which
are finite even for this degenerate reference.
V. ZERO-TEMPERATURE LIMIT OF Ω
The grand potential and internal energy bear the relation-
ship:
Ω = U − TS − µN¯, (68)
where S in the entropy. As T → 0, we therefore have
lim
T→0
Ω = lim
T→0
U − lim
T→0
µN¯, (69)
which should also hold at each perturbation order:
lim
T→0
Ω(n) = lim
T→0
U (n) − lim
T→0
µ(n)N¯. (70)
It was the right-hand side that Kohn and Luttinger compared
with the energy corrections from diagrammatic BG perturba-
tion theory. This comparison is unnecessarily complicated by
the presence of nonzero µ(n). Nevertheless, given that µ(n)
has a well-defined, finite limit at T = 0, Ω(n) should exhibit
the same (non)convergence behavior as U (n), the latter having
been established in Sec. III.
For a nondegenerate, correct reference, we can immediately
infer from the conclusions in the preceding sections,
lim
T→0
Ω(0) = E
(0)
0 −
ǫH + ǫL
2
N¯, (71)
lim
T→0
Ω(1) = E
(1)
0 −
E
(1)
anion − E
(1)
cation
2
N¯, (72)
lim
T→0
Ω(2) = E
(2)
0 −
E
(2)
anion − E
(2)
cation
2
N¯, (73)
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TABLE II. Comparison of the zeroth-, first-, and second-order cor-
rections to chemical potential (µ(n), 0 ≤ n ≤ 2) as a function of
temperature (T ) for the square-planar H4 molecule (0.8 Å) with the
STO-3G basis set. The HOMO and LUMO energies are 0.05235 Eh .
T/ K µ(0)/Eh µ(1)/Eh µ(2)/Eh
0a 0.05235 0.00000 0.00086
102 0.05235 0.00000 0.00086
103 0.05235 0.00000 0.00086
104 0.05235 0.00000 0.00086
105 0.06832 −0.00227 0.02292
106 0.11259 0.00740 0.00013
a Equations (56), (61), and (64).
the right-hand sides of which are the correct zero-temperature
limits. Therefore, there is no Kohn–Luttinger conundrum for
a nondegenerate, correct reference. However, it should be re-
minded that one cannot know whether the reference is correct
(i.e., whether the degeneracy is lifted at a higher perturbation
order and/or there is no reordering of the ground state) until
a FCI calculation is carried out. Furthermore, whereas E(n)0
are written in the usual closed (diagrammatic) formulas10,12,13
for a nondegenerate reference, E(n)cation and E
(n)
anion are generally
not written as such, but necessitate a complicated procedure
outlined by Hirschfelder and Certain11 to be performed.
For a degenerate reference, we instead obtain
lim
T→0
Ω(0) = E
(0)
0 −
ǫH + ǫL
2
N¯, (74)
lim
T→0
Ω(1) = E
[
E
(1)
I
]
−
E
(1)
anion − E
(1)
cation
2
N¯, (75)
lim
T→0
Ω(2) = E
[
E
(2)
I
]
− β cov
(
F
(1)
I
, F
(1)
I
)
−
E
(2)
anion − E
(2)
cation
2
N¯.
(76)
The zeroth-order grand potential has the correct zero-
temperature limit even for a degenerate reference and hence
the Fermi–Dirac theory is always valid. The first-order grand
potential is finite at T = 0, but it converges at a wrong limit,
which is usually higher than the correct limit. The second-
order grand potential is divergent if the first-order HCPT par-
tially or fully lifts the degeneracy; it converges at a finite, but
still wrong limit if the degree of degeneracy is unchanged at
the first order.
The reduced analytical formula for Ω(0) is given as15,16,18
Ω(0) = Enuc. +
1
β
∑
p
ln f +p . (77)
For a nondegenerate reference, we find
lim
T→0
Ω(0) = Enuc. +
occ.∑
i
(
ǫi − µ
(0)
)
= E
(0)
0 −
ǫH + ǫL
2
N¯, (78)
where i runs over all spinorbitals occupied in the reference
Slater determinants, confirming Eq. (71). For a degenerate
reference, using Eq. (33), we obtain
lim
T→0
Ω(0) = Enuc. +
ǫi<ǫH∑
i
(ǫi − ǫH) = E
(0)
0 − ǫHN¯, (79)
where ǫH = ǫL, again, reproducing Eq. (71). Therefore,
the reduced formula for Ω(0) converges at the correct zero-
temperature limit for both degenerate and nondegenerate ref-
erences.
The reduced formula of Ω(1) reads15,16
Ω(1) =
∑
p
Fpp f
−
p −
1
2
∑
p,q
〈pq||pq〉 f −p f
−
q − µ
(1)N¯, (80)
where µ(1) should be understood to be its reduced formula [Eq.
(41)], which has the zero-temperature behavior given by Eq.
(62) for both degenerate and nondegenerate references.
For a nondegenerate reference, using Fpp = 0 at T = 0, we
obtain
lim
T→0
Ω(1) = −
1
2
occ.∑
i, j
〈i j||i j〉 − lim
T→0
µ(1)N¯. (81)
The first term in the right-hand side is identified as the first-
order MPPT energy correction,12,13 where i and j run over all
spinorbitals occupied in the reference Slater determinant. This
is the correct zero-temperature limit if the reference Slater de-
terminant connects to the true (FCI) ground state wave func-
tion as λ = 0 → 1 (setting aside the question of whether the
reduced formula of µ(1) converges at the correct limit).
For a degenerate reference, we have
lim
T→0
Ω(1) = −E

1
2
occ.∑
i, j
〈i j||i j〉
 − limT→0 µ
(1)N¯, (82)
where the average is taken over all degenerate reference Slater
determinants and i and j run over spinorbials occupied in each
of them. It confirms Eq. (75). The right-hand side is finite, but
still not the correct zero-temperature limit if the degeneracy is
partially or fully lifted at the first order.
The reduced formula of Ω(2) reads16
Ω(2) =
denom.,0∑
p,q
|Fpq|
2 f −p f
+
q
ǫp − ǫq
+
1
4
denom.,0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
ǫp + ǫq − ǫr − ǫs
−
β
2
denom.=0∑
p,q
|Fpq|
2 f −p f
+
q
−
β
8
denom.=0∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
+
β
2
(
µ(1)
)2 ∑
p
f −p f
+
p − µ
(2)N¯, (83)
where µ(2) is given by Eq. (67). For a nondegenerate reference,
we have
lim
T→0
Ω(2) =
∑
i,a
|Fia|
2
ǫi − ǫa
+
1
4
∑
i, j,a,b
|〈i j||ab〉|2
ǫi + ǫ j − ǫa − ǫb
− lim
T→0
µ(2)N¯,
(84)
13
where i and j (a and b) run over spinorbitals occupied (un-
occupied) in the reference Slater determinant. The first
two terms are identified as the second-order MPPT energy
correction.10,12,13 If this reference morphs into the true (FCI)
ground state as λ → 1, the right-hand side equals to the cor-
rect zero-temperature limit (provided that the reduced formula
of µ(2) does the same).
For a degenerate reference, we instead find
lim
T→0
Ω(2) = E

∑
i,a
|Fia|
2
ǫi − ǫa
 + E

1
4
∑
i, j,a,b
|〈i j||ab〉|2
ǫi + ǫ j − ǫa − ǫb

−
β
2
ǫp=ǫq=ǫH∑
p,q
|Fpq|
2 f −p f
+
q
−
β
8
ǫp=ǫq=ǫr=ǫs=ǫH∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
+
β
2
(
lim
T→0
µ(1)
)2 ǫp=ǫH∑
p
f −p f
+
p − lim
T→0
µ(2)N¯, (85)
where the average is taken over all degenerate reference Slater
determinants and i and j (a and b) run over all occupied (un-
occupied) spinorbitals in each of these determinants exclud-
ing the HOMO (LUMO). The third term contains the “Ω2A”
anomalous contribution,
−
β
2
ǫp=ǫH∑
p
f −p f
+
p

∑
r
〈pr||pr〉 f −r

2
, (86)
which is nearly identical to Eq. (22) of Kohn and Luttinger1
and is divergent. As pointed out by these authors, this di-
vergence is canceled exactly by a term involving (µ(1))2 [Eq.
(18) of Ref. 1] in an isotropic system. In our formalism for
more general systems, the whole diagonal sum in the third
term is canceled exactly by the penultimate term involving
(µ(1))2, namely,
−
β
2
ǫp=ǫH∑
p
|Fpp|
2 f −p f
+
p +
β
2

∑ǫp=ǫH
p Fpp f
−
p f
+
p∑ǫp=ǫH
p f
−
p f
+
p

2 ǫp=ǫH∑
p
f −p f
+
p = 0.
(87)
However, this falls short of resolving the Kohn–Luttinger co-
nundrum because the off-diagonal sum as well as the whole
fourth term still remain and they both carry a factor of β,
which goes to infinity at T = 0. Therefore,
lim
T→0
Ω(2) = E

∑
i,a
|Fia|
2
ǫi − ǫa
 + E

1
4
∑
i, j,a,b
|〈i j||ab〉|2
ǫi + ǫ j − ǫa − ǫb

−
β
2
ǫp=ǫq=ǫH∑
p,q
|Fpq|
2 f −p f
+
q
−
β
8
ǫp=ǫq=ǫr=ǫs=ǫH∑
p,q,r,s
|〈pq||rs〉|2 f −p f
−
q f
+
r f
+
s
− lim
T→0
µ(2)N¯, (88)
TABLE III. Comparison of the zeroth-, first-, and second-order cor-
rections to grand potential (Ω(n), 0 ≤ n ≤ 2) as a function of tempera-
ture (T ) for the square-planar H4 molecule (0.8 Å) with the STO-3G
basis set.
T/ K Ω(0)/Eh Ω(1)/Eh Ω(2)/Eh
0 (HCPT)a 1.7886 −3.7015 −0.0222
0 (HCPT)b 1.7886 −3.6696 −0.0569
0 (MPPT)c 1.7886 −3.5818 −∞
0 (HF)d 1.7886 −3.3771 · · ·
102 1.7877 −3.3771 −171.9935
103 1.7798 −3.3771 −17.2245
104 1.7008 −3.3771 −1.7476
105 0.7938 −3.3698 −0.3573
106 −14.1403 −3.5757 −0.0881
a The correct zero-temperature limit. E(n) − µ(n)N¯ at T = 0 according to the
Hirschfelder–Certain degenerate perturbation theory11 for the triplet
ground state. See the corresponding footnote of Table I.
b E(n) − µ(n)N¯ at T = 0 according to the Hirschfelder–Certain degenerate
perturbation theory11 for the singlet ground state. See the corresponding
footnote of Table I.
c E(n) − µ(n)N¯ at T = 0 according to the Møller–Plesset perturbation
theory.10 See the corresponding footnote of Table I.
d The zero-temperature limit of the finite-temperature Hartree–Fock theory.
See the corresponding footnote of Table I.
which equals to negative infinity in the likely case where the
degeneracy is partially or fully lifted at the first order, and oth-
erwise still disagrees with the correct zero-temperature limit.
The latter involves the second-order HCPT energy correction
for the true ground state, which is an eigenvalue of the pertur-
bation matrix and thus cannot be written in a closed form such
as the above.
Table III confirms these conclusions numerically for the
square-planar H4. The correct zero-temperature limits are
given in the first row of the table. Ω(0) approaches E(0)0 =
1.7886 Eh as T → 0, although the convergence is much
slower than U (0), which must be due to the entropy term in
the former. Ω(1) converges at the wrong zero-temperature
limit of −3.3771 Eh, which is higher than the correct limit of
−3.7015 Eh. Ω(2) shows a clear sign of divergence as T → 0.
Since the Helmholtz energy and internal energy in the
canonical ensemble are equal to each other at T = 0, the
perturbation corrections to the Helmholtz energy display the
same zero-temperature behavior as those of the grand poten-
tial.
VI. CONCLUSIONS
Our findings are summarized as follows:
(1) The first-order perturbation corrections to the internal
energy (U) and grand potential (Ω) according to the finite-
temperature perturbation theory in the grand canonical ensem-
ble approach wrong limits as T → 0 and, therefore, become
increasingly inaccurate at low temperatures when the refer-
ence is degenerate and/or incorrect. The reference is consid-
ered incorrect if its degree of degeneracy differs from the one
in the true (FCI) ground state or it does not smoothly con-
14
nect to the true ground-state wave function as the perturbation
strength (λ) is raised from zero to unity.
(2) The second-order perturbation corrections toU andΩ in
the grand canonical ensemble are divergent if the degeneracy
of the reference wave function is lifted at the first order of the
HCPT, and otherwise they converge at finite, but still wrong
zero-temperature limits if the reference is degenerate and/or
incorrect.
(3) The zeroth-order (Fermi–Dirac) theory in the grand
canonical ensemble is much more robust and is correct in
most (but not all) cases. The zeroth-, first-, and second-order
perturbation corrections to the chemical potential (µ) also ex-
hibit convergence at the correct finite zero-temperature limits
in most (but not all) cases.
(4) Conclusions (1) through (3) have been numerically ver-
ified for the square-planar H4 that has a degenerate and incor-
rect reference wave function.
(5) The first- and second-order perturbation corrections to
the internal energy and Helmholtz energy according to the
finite-temperature perturbation theory in the canonical ensem-
ble display the same nonconvergence behaviors as the coun-
terparts in the grand canonical ensemble as T → 0.
(6) Taken together, the finite-temperature perturbation theo-
ries in the grand canonical and canonical ensembles have zero
radius of convergence at T = 0 and are increasingly useless or
even misleading as T → 0 when the reference is degenerate
and/or incorrect. Since this occurs in the canonical ensem-
ble, this problem (the Kohn–Luttinger conundrum) cannot be
resolved by a clever choice of µ contrary to the propositions
by some authors.1,3,14 Rather, it originates ultimately from the
nonanalyticity of the Boltzmann factor at T = 0, preventing
the energy expression from being expanded in a converging
power series. Worse still, one cannot know without carrying
out a FCI calculation whether the degree of degeneracy is the
same between the reference and FCI and whether the refer-
ence corresponds to the true ground state in the FCI solution.
Therefore, this conundrum exposes the fundamental flaw of
quantum field theory for thermodynamics, which cannot be
easily resolved within the framework of perturbation theory.
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